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Abstract: We develop an effective field theory (EFT) framework to perform an analytic
calculation for energy correlator observables computed on groomed heavy-quark jets. A
soft-drop grooming algorithm is applied to a jet initiated by a massive quark to minimize
soft contamination effects such as pile-up and multi-parton interactions. We specifically
consider the two-particle energy correlator as an initial application of this EFT framework
to compute heavy quark jet substructure. We find that there are different regimes for the
event shapes, depending on the size of the measured correlator observable, that require the
use of different EFT formulations, in which the quark mass and grooming parameters may
be relevant or not. We use the EFT to resum large logarithms in the energy correlator
observable in terms of the momentum of a reconstructed heavy hadron to NLL′ accuracy and
subsequently match it to a full QCD O(αs) cross section, which we also compute. We compare
our predictions to simulations in Pythia for e+e− collisions. We find a good agreement with
partonic simulations, as well as hadronic ones with an appropriate shape function used to
describe nonperturbative effects and the heavy quark hadron decay turned off. We also predict
the scaling behavior for the leading nonperturbative power correction due to hadronization.
Consequently, we can give a prediction for the energy correlator distribution at the level of
the reconstructed heavy hadron. This work provides a general framework for the analysis of
heavy quark jet substructure observables.
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1 Introduction
Jet substructure observables are playing a significant role in numerous experiments at various
energies (e.g. LHC, RHIC). The focus is on precision standard model measurements, e.g. [1–3],
as well as searches for new physics, e.g. [4–7]. At the same time, jet substructure measurements
are increasingly being used as a probe of the Quark-Gluon Plasma (QGP) medium [8]. QCD
jets produced from early stage collisions of beam quarks and gluons from two nuclei play a
central role in studying the transport properties of QGP. During their propagation through the
hot and dense medium, the interaction between the hard jets and the colored medium will lead
to parton energy loss (jet quenching) [9–11]. There have been several experimental signatures
of jet energy loss observed at RHIC and the LHC such as modification of reconstructed jets
[12–15] and jet substructure [16–18] as compared to the expectations from proton-proton (pp)
collisions. Continued progress relies on achieving a deeper understanding of the dynamics of
jets, allowing for subtle features in a jet to be exploited. This understanding has progressed
rapidly in recent years, both due to advances in explicit calculations, e.g. [19–25], as well as
due to the development of techniques for understanding dominant properties of substructure
observables using analytic [26–28] and machine learning [29–35] approaches. Developments in
jet substructure (see [36] for a recent review) have shown that the modified mass drop tagging
algorithm (mMDT) or soft-drop grooming procedure robustly removes contamination from
both underlying event and non-global color-correlations, see Refs. [21, 22, 37], and have been
applied to study a wide variety of QCD phenomenology within jets [38–46].
Heavy b quark jets play a particularly prominent role in QGP tomography. It was pointed
out in [47] that heavy quarks have fundamentally different radiation patterns from light quarks
and thus heavy quark jets are expected to be more greatly affected by plasma interactions.
Experiments at RHIC [48] and LHC take advantage of these properties to make extensive
studies of b jets, and the planned sPHENIX experiment in particular promises improved
tracking and flavor tagging capabilities for higher precision measurements on b jets [49].
Thus improved theory calculations of b jet properties are now very timely.
In this paper we take steps to build and apply a theoretical framework to compute the
substructure of jets initiated by heavy quarks, starting in vacuum. Much of the necessary
framework has already been developed in the context of computations of jet mass for un-
groomed [50, 51] and groomed [39] top quark jets as well as transverse momentum spectra for
B hadrons [52]. We can also build upon the EFT framework for groomed light jets in [43].
Meanwhile [53] built an extensive EFT framework for massive quark effects on measurements
in Drell-Yan. We draw upon many of these analyses, organizing their pieces to be applied to
a large class of Infrared and Collinear (IRC) safe event shapes known as energy correlation
functions [54–56] computed for groomed massive quark jets. We find the appropriate EFT to
describe these observables for groomed massive quark jets is an elegant combination of those
for ungroomed massive jets in [50, 51] and groomed light-parton jets in [43], resulting in an
EFT very similar to that used in [39] for groomed top jets. We use this EFT framework to
smoothly describe the whole spectrum in the 2-point energy correlator called e(α)2 :
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• For very large e(α)2 , the spectrum is predicted by fixed-order perturbation theory in full
QCD, to which the predictions of resummed singular terms in e(α)2 for smaller values
will have to matched.
• For intermediate e(α)2 , the spectrum is sensitive to soft drop grooming effects, but the
radiation is sufficiently energetic or at wide enough angles not to be sensitive to quark
mass. The e(α)2 dependence in the spectrum factorizes into a collinear-soft mode [57]
and a collinear (jet) mode equivalent to that for massless parton jets.1
• For smaller e(α)2 , the spectrum is sensitive to radiation at small enough angles to be
affected by the nonzero quark mass. The e(α)2 dependence in the spectrum factorizes
into the aforementioned collinear-soft mode, a matching coefficient to HQET for a heavy
quark of mass mb, and an ultracollinear mode [50, 51] describing soft radiation from
the b quark in its rest frame that is highly boosted into the lab frame, where it looks
collinear.
• For very small e(α)2 , we encounter a nonzero minimum cutoff e(α)2 ≥ e(α)2,min imposed by
grooming and the finite quark mass. Near this scale, we find the collinear-soft and
ultracollinear modes actually merge back into each other, recombining into a single
groomed massive quark jet function describing the full e(α)2 dependence here, and re-
quires a fixed-order matching from the region above it, something not usually required
at small values of a jet shape observable. This is a novel feature of applying the EFTs
developed in [39, 43] that we find for this particular class of observables with massive
quark jets.
In the main part of the paper we will explain each of these regions in detail. See in particular
Fig. 1 and Fig. 2 for an intuitive illustration of how these modes arise in each region. We see
that it is primarily in the last two regions that the heavy quark mass affects the distribution,
causing it to differ from those for light parton jets.
The EFT developed here will thus reveal general properties of the radiation pattern in a
massive quark jet as well as the impact of the quark mass in determining the jet substructure.
In this paper we apply the EFT to compute energy correlation functions for heavy quark
jets produced in e+e− collisions, as a first step towards computations for pp collisions, and
ultimately, heavy-ion collisions. The act of grooming, however, should help isolate properties
intrinsic to the heavy quark jet itself, reducing differences between e+e− and pp cases, at least
in the shape of the energy correlator distributions. Grooming also allows b jets to be probed
closer to their mass threshold m2J & m2b in a way that can still be analyzed perturbatively
with controlled nonperturbative corrections by removing the wide-angle soft radiation that
in the ungroomed case masks this region, and makes boosted HQET practically applicable
to b jets for the first time (cf. [58, 59]). An analytic understanding of the jet substructure
properties for heavy quark-initiated jets in collisions in vacuum will serve as a comparison
1This region may or may not exist separately, depending on the size of the angular exponent α used in e(α)2 .
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baseline for understanding the modification of the properties by the medium. Here, we focus
just on two-point energy correlation functions, but the EFT that we develop here is quite
general and can also be applied to other jet substructure observables computed on heavy
quark jets.
At the same time, the hope is that by understanding the decay kinematics of heavy quark
hadrons, jet substructure observables can ultimately serve as a complementary technique to
heavy quark jet tagging. Generalized energy correlators have been shown to be excellent
discriminants of light quark vs. gluon jets [60], and we have performed preliminary studies
showing promising performance for heavy vs. light jet discrimination. This application will
require the computation of energy correlation functions in terms of the light decay products
of heavy hadrons, which goes beyond the scope of this paper. Here we focus instead on two-
point energy correlator functions in terms of the momentum of a reconstructed heavy hadron,
assuming it has been identified by other means, such as displaced vertex tracking. We leave
the extension to include the effects of B hadron decay to a future publication.
In Sec. 2, we introduce the specific class of observables that we wish to use to study heavy
quark jet substructure. In Sec. 3, we give details of the factorization theorem (formulated
within SCET and HQET) for resumming large logarithms in our jet observable. Sec. 4 gives
details about the one loop EFT calculation of the factorization ingredients and anomalous
dimensions used for resummation. Sec. 5 discusses the numerical implementation of the full
theory fixed-order calculation at O(αs) used to match in the far-tail region of the energy
correlator distributions, along with an analytical calculation of the singular limit. Sec. 6
provides the analytical expression for the resummed result to NLL accuracy. We then compare
our resummed result matched to the O(αs) full theory fixed-order cross section with Pythia
at both parton level in Sec. 6 and hadron level in Sec. 7. In Sec. 7 we also discuss the
anticipated impact of B hadron decay on the shape of the distribution. Here we also give
a prediction for the scaling of the leading nonperturbative corrections using the energy flow
operator technique. We conclude in Sec. 8.
2 Probing substructure of heavy quark jets
In this section we describe the jet substructure observables that are our focus in this paper.
We also provide a review of the soft drop grooming algorithm that we use throughout this
paper. The general class of substructure observables that we consider fall in the class known
as IRC safe observables. This means that these observables are insensitive to arbitrarily
soft or collinear radiation or splitting. Of course, in case of heavy quark initiated jets,
the mass of the heavy quark provides a cutoff on the collinearity of the radiation. This,
combined with grooming (which restricts the softness of the radiation), restricts the minimum
value achievable for any jet substructure observable. This is one of the general features that
distinguishes massive quark jets from massless ones.
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2.1 Energy Correlation Functions
We focus on the measurement of the two-point energy correlation function [55, 56] on a jet
initiated by a heavy quark. The jet is groomed using a soft drop grooming algorithm. For
e+e− collisions this observable is defined as
e
(α)
2 |e+e− =
∑
i<j∈J
zizj(θij)α (2.1)
where we sum over pairs of particles (i, j) inside the groomed jet. We define the angle (θij)
between the two particles with momentum pi and pj as
θ2ij =
2pi · pj
EiEj
(2.2)
while the energy fractions are zi = Ei/EJ , EJ being the energy of the jet. The energy
correlation functions are insensitive to recoil effects [54, 61]. At the same time, they do not
include explicit axes in their definition.
In the small angle and massless limits, Eq. (2.2) coincides with the geometric angle
between the three-vectors pi and pj , which we will denote ϑij when we need to refer to it:
θ2ij = 2
EiEj − |pi| |pj | cosϑij
EiEj
= 2
(
1−
√
1−m2/E2i cosϑij
)
(2.3)
= ϑ2ij +
m2
E2i
+O(ϑ4,m2ϑ2/E2) ,
where we took one of the particles (i) to have a nonzero mass. In the small mass and small
angle regimes, we can drop the corrections, as appropriate. Eq. (2.3), does, however, imply
a nonzero minimum for the θ between a heavy quark and soft gluon radiation it emits, for
which we can let ϑ go all the way to zero:
θgb ≥ θmin = m
EJ
, (2.4)
an effect we will find important to keep.
For jets produced in pp collisions, the definition of the energy correlation function is
modified to be boost invariant along the beam direction.
e
(α)
2 |pp =
1
p2TJ
∑
i<j∈J
pTipTjR
α
ij , (2.5)
where pTJ is the transverse momentum of the jet, Rij is defined as,
R2ij = (φi − φj)2 + (yi − yj)2, (2.6)
and pTi , φi and yi are the transverse momentum, azimuthal angle and rapidity of particle i,
respectively. In this paper, we focus on the e+e− calculation. However, it was shown in [43],
that for jets at central rapidities and in the limit that all the particles in the jet are collinear,
the two definitions of the energy correlator function in Eq. (2.1) and Eq. (2.5) are equivalent.
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2.2 Soft Drop Grooming algorithm
The modified mass-drop procedure (mMDT) [21, 22] or its generalization known as soft drop
[37] removes contaminating soft radiation from a jet, which is originally identified by any
suitable algorithm such as (anti-)kt [62–66], by reconstructing an angular ordered tree of the
jet constituents by using the Cambridge/Aachen (C/A) clustering algorithm [63–65, 67, 68],
and removing the branches at the widest angles which fail an energy requirement. As soon as
a branch is found that passes the test, it is declared the groomed jet, and all the constituents
of the branch are the groomed constituents. One simply finds the branch whose daughters
are sufficiently energetic. Formally the daughters could have any opening angle, though their
most likely configuration is collinear.
The strict definition of the algorithm is as follows. Given an ungroomed jet, first we
build the clustering history by starting with a list of particles in the jet. At each stage we
merge the two particles within the list that are closest in angle2. This gives a pseudo-particle,
and we remove the two daughters from the current list of particles, replacing them with the
merged pseudo-particle. This is repeated until all particles are merged into a single parent.
Then we open the tree back up. At each stage of the declustering, we have two branches
available, label them i and j. We require:
min{Ei, Ej}
Ei + Ej
> zcut
(
θij
R
)β
, (2.7)
where zcut is the modified mass drop parameter, β is the parameter which controls the angu-
larities, θij is the angle between ith and jth particle defined in Eq. (2.2), R is the jet radius and
Ei is the energy of the branch i. (In this paper we will actually just stick to β = 0, for which
soft drop coincides mMDT.) If the two branches fail this requirement, the softer branch is
removed from the jet, and we decluster the harder branch, once again testing Eq. (2.7) within
the hard branch. The pruning continues until we have a branch that when declustered passes
the condition Eq. (2.7). All particles contained within this branch whose daughters are suf-
ficiently energetic constitute the groomed jet. Intuitively we have identified the first genuine
collinear splitting.
For a hadron-hadron collision, one uses the transverse momentum (pT ) with respect to
the beam for the condition of Eq. (2.7),
min{pT i, pTj}
pT i + pTj
> zcut
(
θij
R
)β
. (2.8)
We formally adopt the power counting zcut  1, though typically one chooses zcut ∼ 0.1.
See [40] for a study on the magnitude of the power corrections with respect to zcut for jet
mass distributions.
2This merging is usually taken to be summing the momenta of the particles, though one could use winner-
take-all schemes [61, 69, 70].
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3 Factorization in SCET+ and bHQET
We work within the formalism of SCET (Soft Collinear Effective Theory) [71–75], which
provides an EFT framework for studying IR modes in jet physics. Due to the presence of a
heavy quark, we will also need HQET (Heavy Quark Effective Theory) [76–78], which is an
EFT with an expansion parameter 1/mq, the inverse of heavy quark mass, or more specifically,
boosted HQET (bHQET) [50, 51] due to large energy of the b quark jet. Due to additional
scales induced by the jet grooming we will also need to use the extension of SCET known as
SCET+ [57, 79].
We will predict the cross section in e(α)2 defined in Eq. (2.1) measured on jets initiated by
a heavy quark to which soft drop grooming has been applied. Schematically, the prediction
for this spectrum takes the form
1
σ0
dσ
de
(α)
2
= σsing(e(α)2 ) + σns(e
(α)
2 ) , (3.1)
where σsing contains logs of e(α)2 , which become large for eα2  1 and which we will resum to
give an accurate prediction in this region. It is to σsing that the factorization in this section
applies. Meanwhile, σns is the nonsingular (that is, integrable as e(α)2 → 0) remainder function
that matches the resummed singular prediction to the prediction of fixed-order perturbation
theory in full QCD, which is accurate for larger e(α)2 . We will compute σns in Sec. 5 and
discuss how we smoothly interpolate between the two terms in Eq. (3.1) in Sec. 6.
The precise set of EFT modes that are needed to factorize σsing depends, as we will
explain, on the relative hierarchy of scales amongst e(α)2 , zcut and mq. In the rest of this
section we will consider these various possible hierarchies, identify the appropriate modes,
and provide a factorized form of σsing.
3.1 Power counting and modes
An efficient approach for studying jet substructure in a systematic fashion is power counting
[26, 27], which allows us to determine the parametric scaling of observables. This is deter-
mined by the soft and collinear limit of QCD and is a very powerful technique to determine
the structure of factorization. We want to calculate the two-point energy correlation function
Eq. (2.1) in e+e− collisions on a massive quark jet which we have identified a jet using an
appropriate jet algorithm such as anti-kt or Cambridge/Aachen, and which is then groomed
with a soft drop grooming algorithm described in Sec. 2.2. This makes it relatively insensitive
to recoil effects and, in the analogue in hadron collisions, to MPI (multi-parton interactions).
At the same time, the effect of non-global logarithms is negligible [43]. The grooming param-
eters are zcut and β, and we will exclusively work with β = 0 for which soft drop coincides
with mMDT. A typical value of zcut used is ∼ 0.1.
We consider a jet with energy EJ and radius R ∼ O(1) in power counting, so we do not
consider resumming logs of R, which could be done using additional modes as in [80–83]. For
the computation of σsing, we are working in a regime in where e(α)2  zcut. (At e(α)2 ∼ zcut,
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we transition to the fixed-order σns in Eq. (3.1) and computed in Sec. 5.) We also have a
hierarchy mq  EJ , so that the heavy quark is highly boosted. The jet axis is defined by
the light-like n direction, defined as n = (1, zˆ) in Minkowski coordinates, where zˆ is a unit
3-vector in the direction of the jet.
Let us see what the measurement of e(α)2 on the constituents of a groomed jet implies for
the momentum scaling of relevant degrees of freedom in the final state. We can divide the
modes within the groomed jet into two categories, those which are at a wide angle θs ∼ 1
relative to the jet axis and those which are collinear to it, θc  1. In the following discussion
it will be useful to make reference to Fig. 1 to see where the relevant modes appear. This
figure is analogous to Fig. 2 in [43] for massless parton jets, to which the new ingredients due
to the heavy quark mass appear along the line at θ = θmin in Fig. 1. The plot is in log(1/θ)
and log(1/z), where z and θ are the fraction of the jet energy z = E/EJ and angle from
the heavy quark θib defined by Eq. (2.2) carried by the radiation from the b quark. In these
variables, in the soft and collinear limits, the phase space constraints imposed by soft drop,
the jet radius, and the minimum angle due to the nonzero quark mass, are all simple straight
lines, and contours of constant e(α)2 are also straight lines,
log 1
z
= log 1
e
(α)
2
− α log 1
θ
. (3.2)
The precise hierarchies of modes that appears depends on the size of α; the case α < 1, which
will be the main focus of our paper, is shown in Fig. 1. We will include the discussion of
α > 1 in what follows in this section; the analogous diagram of modes is in Fig. 2.
Wide-angle soft modes
First we consider the wide angle radiation, θs ∼ 1. Assuming that the heavy quark in the
jet carries most of the energy (i.e. z ∼ 1), the contribution of this wide-angle radiation with
energy fraction zs to the measurement of e(α)2 would be just e
(α)
2 ∼ zs. For measured values
e
(α)
2  zcut, which holds in the singular region we are considering, this implies zs  zcut, so
any such radiation that could contribute to the measurement of e(α)2 would be groomed away.
The grooming acts effectively as a veto on soft radiation with zs < zcut and contributes to the
normalization of the cross section through a soft function S(EJzcut, R), but does not affect
the shape of the e(α)2 distribution. This soft function describes the contribution of modes
whose momentum (ps) scales, in light-cone coordinates p = (n¯ · p, n · p,p⊥), as
ps ≡ EJzcut(1, 1,1). (3.3)
The energy of this mode indicates that it is sensitive to the zcut parameter but is groomed away
since it fails soft drop. This mode is unable to resolve any smaller angle structure induced
by a measurement of e(α)2  zcut (e.g. e(α)2(i) in Fig. 1) or by the quark mass mb. For larger
e
(α)
2 (e.g. e
(α)
2(FO) in Fig. 1), the wide-angle radiation could contribute to the measurement;
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α
�
� (�)α
�
� (��)α
log 1
θ
log 1
z
z→ 0
θ→ 0
(soft)
(collinear)
θmin = 2mQ
z = zcut
σ0
SG SC
B+
BSD+
H+
Figure 1. Phase space in z, θ and associated modes in the singular limit. The allowed phase space is
determined by imposing the soft drop cut on the energy zcut < z, and the limit on the angle θ imposed
by the jet radius, θ < R and the finite quark mass θ > θmin = m/EJ . Lines of constant e(α)2 given
by Eq. (3.2) are shown at several values of e(α)2 . The light dotted line is the minimum value e
(α)
2,min in
Eq. (3.6). The first dashed line at eα2(i) represents a small value where the cross section is sensitive
both to the quark mass and to grooming. The second dashed line at eα2(FO) represents a larger value
where the cross section is not sensitive to quark mass or grooming and has to computed in fixed-order
perturbation theory in full QCD (the exact shape of the phase space boundaries at larger z, θ will
also have to be taken into account, see Sec. 5). Note that this plot is made for the case α = 12 < 1.
(See Fig. 2 for the case α > 1.) At e(α)2,min, the collinear-soft and ultracollinear modes merge back into
a single-scale, soft drop-sensitive ultracollinear mode (BSD+ ). The relevant regions for the global soft
function SG, the hard function σ0, and the matching coefficient H+ to bHQET are also illustrated.
however, in this region, the distribution must be calculated in fixed-order perturbation theory,
i.e. σns in Eq. (3.1), which we will calculate in Sec. 5.3
The factorization of the cross section at this stage then yields the same form as for
massless groomed jets in [43], but with a replacement of the massless jet function by a
3Note that without grooming, wide-angle radiation does contribute to measurement of e(α)2 . When this
radiation is nonperturbative, ps ∼ ΛQCD(1, 1,1), and the resulting jet mass is m2J ∼ QΛQCD  m2b for typical
Q. Then we could never reach the lower jet scales including the bHQET region identified below [58, 59].
Grooming is what allows b jets to be probed closer to the heavy quark mass threshold.
– 9 –
massive jet function:
dσ
de
(α)
2
= σ0(Q2, R, µ)× S (EJzcut, µ)× Jqz
(
e
(α)
2 ,mq/EJ , zcut, µ
)
, (3.4)
where Jqz is a massive quark jet function that contains all the radiation in the jet that may
contribute to the measurement and S(EJzcut) is the soft function. The jet function Jqz is
still sensitive to multiple scales, mq, the mass of the heavy quark, the jet energy EJ and
the grooming parameter zcut. For the range of values e(α)2,min  e(α)2 and zcut that we will be
interested in, there is still a wide scale separation within this function, as we are about to
discuss below, and is already illustrated along the e(α)2(i) contour in Fig. 1 or the e
(α)
2(i,ii) contours
in Fig. 2. It thus requires further factorization. We will give a formal definition at these later
steps of factorization.
The factor σ0 in Eq. (3.4) contains the Born cross section, the hard matching function
H(Q2, µ), and an unmeasured jet function Jn¯(QR,µ) [80, 84, 85] for the jet in the opposite
direction on which e(α)2 is not measured, as well as another soft factor for radiation between
the two jets (which disappears in the case of hemisphere jets R → 1). All of these factors
describe effects at much higher energy scales that we integrate out of our EFT, represented by
the bottom left corner of the phase space in Fig. 1, and just contribute to the normalization
but not the shape of the e(α)2 distribution; they will all be divided out later.
Hierarchy of collinear modes
We next consider the collinear radiation. Due to the grooming and the quark mass, there
are multiple “collinear” scales. The first important observation to make is that there is a
minimum angle θij as defined in Eq. (2.2) that can exist between collinear radiation and the
massive quark that initiated it, due to nonzero mq. For the case of massless jets there is no
such lower bound. Hence, in such a jet, for a mode with a given energy, the angle is set by
the measurement of e(α)2 alone. On the other hand, for a jet initiated by a massive quark, θij
between the heavy quark and a light parton has a minimum value as we observed in Eq. (2.4):
θmin =
mq
EJ
+O
(
mq
EJ
)2
, (3.5)
which comes from the condition ϑij ≥ 0 for the geometric angle, and Ei ≤ EJ for the quark
energy, in Eq. (2.3). Since the minimum energy fraction of a light parton in the jet to pass
soft-drop needs to be zcut, this automatically sets a lower limit on the values of e(α)2 ,
e
(α)
2,min = zcut
(
mq
EJ
)α
+ power corrections, (3.6)
which is evident as the value where the e(α)2 contours in Fig. 1 and Fig. 2 exit the allowed
phase space set by grooming and by the quark mass. Depending on the hierarchy of scales,
the angular scaling of a mode is then set by either the measurement of e(α)2 alone or by
θmin. For different regions of e(α)2 , then, the relevant collinear degrees of freedom depend on
whether they are sensitive to this minimum cutoff or not. Let us systematically go through
the possible hierarchies.
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α
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� (�) α
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� (��)α
�
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α
log 1
θ
log 1
z
z→ 0
θ→ 0
(soft)
(collinear)
θmin = 2mQ
z = zcut
σ0
SG SC
B+
H+Jq
SC BSD+
Figure 2. Phase space in z, θ and associated modes, for the case α > 1 (in this plot, α = 2), to be
contrasted with Fig. 1. In this case, the e(α)2 spectrum for values represented by e
(α)
2(ii) is insensitive
to the quark mass, and the collinearity of the jet modes is determined solely by e(α)2 itself. In this
region, the factorization is the same as for massless parton groomed jets, giving rise to the massless
jet function Jq. For smaller e(α)2 values represented by e
(α)
2(i), the factorization is the same as in Fig. 1.
Collinear-soft modes Consider first, the widest angle radiation which we could have in
the groomed jet. To pass grooming, it must have an energy fraction z & zcut. Since the jet is
measured to have a value of e(α)2 , this radiation must have an angle scaling as
θ ∼
(
e
(α)
2
zcut
)1/α
. (3.7)
Given the lower limit Eq. (3.6), on e(α)2 , we immediately see that this angle satisfies
θ ≥ θmin . (3.8)
Hence the angular scaling will be determined by the measured e(α)2 as in Eq. (3.7), and the
light-cone components of the momentum of this mode must scale as
pcs ∼ zcutEJ
1,(e(α)2
zcut
)2/α
,
(
e
(α)
2
zcut
)1/α , (3.9)
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which, as we have labeled, is the scaling of a collinear-soft mode [57]. It has a soft enough
energy to be sensitive to grooming at zcut, and wider angle than the “ordinary” collinear
modes we look at next, but still has a degree of collinearity in its angular scaling, due to
measurement of small e(α)2 . It can resolve the phase space boundary around the region labeled
SC in Fig. 1, but none others. This mode may or may not pass soft-drop and contributes
to the measurement only when it passes soft-drop. This mode is then identical to the one
in the case of light quark jets [43] and is insensitive to the mass of the heavy quark. The
collinear-soft scale µcs ∼ EJ(e(α)2 )1/αz
1− 1
α
cut , because zcut < 1 and α < 1, is actually larger
than the “ordinary” collinear scale we will consider below. Thus, at this point, we can then
further factorize the cross section as in [43],
dσ
de
(α)
2
= σ0(Q2, R, µ)× S (EJzcut, µ)× Sc
(
EJzcut(e(α)2 /zcut)1/α, µ
)
⊗ Jq
(
e
(α)
2 ,mq/EJ , µ
)
,
(3.10)
where as explained in [43], the collinear-soft function Sc, depends only on the single scale
shown, related to its virtuality. Dependence on all lower, more collinear, scales is still in the
function Jq, which we need to factorize further. (The ⊗ in Eq. (3.10) indicates a convolution
in the variable e(α)2 .)
Collinear and ultracollinear modes In Eq. (3.10), Jq is the massive quark jet function,
defined by the matrix element
Jq(e(α)2 ) =
(2pi)3
NC
Tr〈0| /¯n2χn(0)δ(ω − n¯ · P)δ
(2)(~P)δ(e(α)2 − eˆ(α)2 )χ¯n(0)|0〉 (3.11)
where n is the light-like direction of the jet and ω = 2EJ , where EJ is the energy of the jet.
The field χn represents a quark with massmq moving in the n direction [86]. The Pµ operator
fixes the large part (“label”) of the collinear momentum to be ωnµ/2 [72]. The measurement
operator eˆ(α)2 is defined by its action on a collinear state |Xn〉, taking the collinear limit of
the full measurement function:
eˆ
(α)
2 |Xn〉 =
23α/2
ω2
∑
i<j∈Xn
(n¯ · pi)1−α/2(n¯ · pj)1−α/2(pi · pj)α/2 |Xn〉 (3.12)
The jet function Eq. (3.11) contains all the modes at and below this scale that are potentially
sensitive to soft drop.
Let us consider the modes that make up this jet function. The relevant modes depend
on how the angle of the collinear radiation θc from the initiating heavy quark compares to
θmin in Eq. (3.5). There are two cases:
• θc > θmin
In this case, the scaling of the angle for this mode is set by the measurement and not by
the mass of the quark. Its energy fraction is not limited, so zc ∼ 1. This corresponds to
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measurement values e(α)2 ≥ (mq/EJ)α. The light-cone momenta of the mode (pc) then
scale as
pc ∼ EJ
(
1,
(
e
(α)
2
)2/α
,
(
e
(α)
2
)1/α)
, (3.13)
which is insensitive to the quark mass. This region actually exists as a separate EFT
region only for α > 1, illustrated in Fig. 2, in the lower region labeled Jq. Otherwise
values of e(α)2 in this regime are already in the nonsingular fixed-order region. The jet
function thus becomes independent of the quark mass and is the same as for a massless
jet. In this regime, the factorized cross section then becomes
dσ
de
(α)
2
= σ0(Q2, R, µ)×S(EJzcut, µ)×Sc
(
EJzcut(e(α)2 /zcut)1/α, µ
)
⊗Jq
(
EJ(e(α)2 )1/α, µ
)
,
(3.14)
which is the same form obtained in [43] for massless quarks.
• θc ∼ θmin
Once the angle θc hits θmin, it can go no lower, and thus the angular scaling of collinear
modes in this regime is fixed. For z ∼ 1, it contributes e(α)2 ∼ (θmin)α. To go to any
lower values of e(α)2 , the only way to do so is to lower the energy fraction of the emitted
collinear radiation, down to the lower limit e(α)2,min in Eq. (3.6), moving along the right-
most red line in Fig. 1 or Fig. 2. The measurement of such e(α)2 then constrains that
z ∼ zuc, where
zuc ∼ e(α)2 /(θmin)α (3.15)
and the mode’s momentum scales as
puc ∼ EJe(α)2 /(θmin)α
(
1, θ2min, θmin
)
≡ mqe(α)2 /(θmin)α (EJ/mq,mq/EJ , 1)
≡ Γ (v+, v−, 1) , (3.16)
where we have defined,
Γ = mqe(α)2 /(θmin)α, vµ ≡ (EJ/mq,mq/EJ ,0⊥) . (3.17)
This way (Eq. (3.16)) of writing this mode’s momentum suggests that it is the momen-
tum of a small fluctuation around a boosted heavy quark at nonzero e(α)2 . Here vµ is the
four velocity of the boosted heavy quark, given again in light-cone coordinates. This
mode is the ultra-collinear mode of boosted HQET (bHQET) [39, 51]. This tells us
that we need to match the massive jet function onto a boosted HQET jet function with
the heavy quark mass mq (which is now like a hard scale) integrated out. The scale Γ
serves as the IR scale for this EFT. It is analogous to the top quark width which served
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as Γ in [39, 51], but here is due simply to the radiation from the heavy quark. We can
immediately see that zuc > zcut so that, as expected, this mode automatically passes
soft drop. In this region of e(α)2 , the cross section Eq. (3.10) factorizes further as
dσ
de
(α)
2
= σ0(Q2, R, µ)× S (EJzcut, µ)×H(mq, µ) (3.18)
× Sc
(
EJzcut(e(α)2 /zcut)1/α, µ
)
⊗B+(Γ, µ)
where H(mq) is a Wilson coefficient from integrating out mq to match onto bHQET,
and B+ is the bHQET jet function [39, 51].
Finally, we note that when e(α)2 reaches e
(α)
2,min defined in Eq. (3.6), and as illustrated in
Fig. 1 and Fig. 2, the collinear-soft and ultracollinear modes actually merge:
Eq. (3.9)⇒ pcs → zcutEJ
(
1, θ2min, θmin
)
(3.19)
Eq. (3.16)⇒ puc → zcutEJ
(
1, θ2min, θmin
)
. (3.20)
We should then match to a new function BSD+ , which is simply the bHQET jet function with
an explicit soft drop constraint, with the Wilson coefficient H(m,µ) still factorized out. This
entails a computation without expanding in the scale hierarchy e(α)2 /e
(α)
2,min, which is no longer
small in this region. In this region of e(α)2 , the cross section Eq. (3.10) factorizes as
dσ
de
(α)
2
= σ0(Q2, R, µ)× S (EJzcut, µ)×H(mq, µ)×BSD+ (Γ, µ, zcut) . (3.21)
We compute each of these functions to one loop order in Sec. 4. There is also a fixed-order
matching required between the leading-order combination Sc ⊗ B+ in Eq. (3.18) to BSD+ in
Eq. (3.21) to capture terms power-suppressed in e(α)2 /e
(α)
2,min in the former region but not the
latter. We perform this matching, which is a novel feature arising for shape observables with
a nonzero minimum, in Sec. 6.
3.2 Regions of EFTs
Hence the applicable EFT now depends on the value of e(α)2 relative to the scale (mq/EJ)α,
at the threshold where the “ordinary” collinear modes above hit the angle θmin and, below
this scale, have to be matched onto bHQET ultracollinear modes.
• Region I: e(α)2,min < e(α)2 < (mq/EJ)α
In this range, radiation collinear to the heavy quark is restricted to have an angle ∼ θmin
(see Fig. 4), and thus the e(α)2 cross section is sensitive to the mass of the quark. The
applicable factorization is Eq. (3.18).
• Region II: (mq/EJ)α < e(α)2 < zcut
In this range, radiation collinear to the heavy quark has an angle larger than θmin,
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Figure 3. Hierarchy of scales in factorization. The horizontal axis indicates the size of e(α)2 (increasing
right to left) while the vertical axis shows increasing virtuality of the relevant modes in each region.
See Sec. 3.2 for descriptions of the regions and the applicable factorizations.
and is instead restricted by the measurement of e(α)2 itself. Then the cross section is
insensitive to the mass and essentially behaves as for a massless groomed jet, and we
have the factorization Eq. (3.14).
• “Region 0”: e(α)2 ∼ e(α)2,min
In this range, radiation collinear to the heavy quark is restricted to have an angle
∼ θmin. At the same time it is sensitive to the grooming parameter zcut. There is no
independent collinear-soft mode, as it merges with the ultracollinear mode (see Fig. 4),
and we have the factorization Eq. (3.21).
These regions are indicated by the bottom right columns in Fig. 3.
A natural question is whether the transition between regimes happens in a smooth man-
ner, especially at the boundary e(α)2 = (mq/EJ)α. First of all, we observe that at the value
e
(α)
2 = (mq/EJ)α, the ultra-collinear and collinear mode have the same scaling
pc ∼ EJ
(
1,
m2q
E2J
,
mq
EJ
)
. (3.22)
At the same time, not surprisingly, the massive and massless jet function defined by Eq. (3.11)
will turn out to be identical at this value of e(α)2 , as we will see in Sec. 4.1. These properties
ensure that the distribution in e(α)2 is indeed continuous at the transition point, as we will see
explicitly in Sec. 6.
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Figure 4. Radiation modes for regions I and 0 of factorization. In region I (left), there are two
radiation modes that contribute, the ultra-collinear and collinear-soft mode. In region 0 (right), these
modes merge into a single soft drop constrained ultra-collinear mode.
Now, it is possible, depending on the relative sizes of zcut and (mq/EJ)α, that the region
II EFT simply doesn’t exist. This will happen if (mq/EJ)α & zcut. For typical values of
these parameters, mq ∼ 5 GeV, EJ ∼ 100 GeV, and zcut ∼ 0.1, this can only happen if
α < 1. And indeed, we choose to consider α ∼ 0.5 in what follows. Then the scales satisfy
(mq/EJ)α ∼ 0.2 & zcut. In such a case, only the region I EFT above exists. This is the
situation illustrated in Fig. 1. When e(α)2 reaches the upper limit of the region, we simply
match our massive EFT onto the full theory fixed-order cross section at the common scale
(mq/EJ)α, without an explicit transition into the massless EFT regime.
In the case that (mq/EJ)α  zcut, we would first transition from the massive (region I)
to the massless (region II) EFT at e(α)2 ∼ (mq/EJ)α and then match the massless EFT onto
the full theory fixed-order cross section at the scale zcut. This is illustrated in Fig. 2, where
the value of e(α)2 determines whether Jq gets factored further into SC and B+.4
Fig. 1 and Fig. 2 illustrate clearly that the value of the angular exponent α in the definition
of the correlator e(α)2 determines whether or not one passes through a region II EFT before
transitioning to a region I EFT. For us, the more interesting scenario is actually the first, in
Fig. 1, with only a region I EFT, since it means that the e(α)2 distribution is sensitive to the
mass over most of its range. So henceforth we will work with α < 1, and thus only have a
region I EFT setup. We also note that this choice of α is what made the virtuality of the
collinear-soft mode above to be greater than that of the HQET ultra-collinear mode, which
is reflected in Fig. 3 and in our discussion of factorization above. We will see later that this
has important consequences for the nonperturbative corrections to the e(α)2 distribution.
4 One-loop EFT results
In this section we compute to one-loop order the functions in the factorized cross section
Eq. (3.10). All results are computed using dimensional regularization in the MS scheme.
4When region II exists, there may be a region near the boundary with region I where the virtuality of the
SCET+ modes is similar to mb, and a further factorization with “mass modes” is required starting at 2 loops.
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4.1 Massive quark jet function
The quark jet function is defined by the matrix element given in Eqs. (3.11) and (3.12). We
use the Feynman rules for massive SCET [86].
We have contributions from two real diagrams shown in Fig. 5:
Ra = 8g2CF µ˜2
∫
d4p δ+(p2 −m2)
∫
ddk
(2pi)d−1 δ(ω − p
− − k−)δ+(k2)δ2(k⊥ + p⊥) (4.1)
× p
−(p− + k−)
k−((p+ k)2 −m2)δ
(
e
(α)
2 − e(α)2 (p, k)
)
and
Rb = −4g2CF µ˜2
∫
d4p δ+(p2 −m2)
∫
ddk
(2pi)d−1 δ(ω − p
− − k−)δ(k2)δ2(k⊥ + p⊥) (4.2)
× p
−(k− + p−)2
[(p+ k)2 −m2]2
(
4m2
p−(p− + k−) −
p2⊥ +m2q
(p−)2 −
m2
(p− + k−)2
)
δ(e(α)2 − e(α)2 (p, k)) ,
where
e
(α)
2 (p, k) =
p−k−
ω2
(
4
(p+ k)2 −m2q
p−k−
)α/2
, (4.3)
and the scale µ˜2 = µ2eγE/(4pi) per the MS scheme. Here and below we define δ+(p2) ≡
δ(p2)θ(p0) for a four-vector p.
It is easier to compute these integrals in Laplace space, in which the jet function is defined
J˜(s, µ) =
∫ ∞
0
de
(α)
2 e
−se(α)2 J(e(α)2 , µ) , (4.4)
for which the renormalized (finite) result in the MS scheme for the diagrams Ra,b yields
R˜a(µ) = −αs
pi
CF
(1− α) ln
2
(
eγEsµ(4∆)(α−1)/2
ω
)
(4.5)
R˜b(µ) =
αs
pi
CF ln
(
eγEsµ(4∆)(α−1)/2
ω
)
where ∆ ≡ m2q/ω2.
There are two contributions from virtual diagrams (Fig. 5):
Va = 4iCF g2µ˜2
∫
ddk
(2pi)d
ω − k−
[(p− k)2 −m2 + i0](k− − i0)(k2 + i0) , (4.6)
whose finite result is
Va(µ) =
αsCF
pi
(
ln2
(
µ
m
)
+ 2 ln
(
µ
m
))
, (4.7)
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Figure 5. Real and virtual diagrams contributing to the jet function.
and
Vb = −4iCF g2µ˜2
∫
d4p
δ+(p2 −m2 − Λ2)
Λ2 δ
2(~p⊥)δ(ω − p−)(p−)2 (4.8)
×
∫
ddk
(2pi)d
1
(k2 + i0)[(k + p)2 −m2 + i0]
(
4m2
p−
− (p+ + k+)− m
2(p− + k−)
(p−)2
)
with Λ2 being the off-shellness of the quark. To extract the residue of the propagator, we Tay-
lor expand the integrand in Λ2 and retain the Λ0 term which gives us the renormalized(finite)
result,
Vb(µ) = −3αs2piCF ln
(
µ
mq
)
. (4.9)
Combining the results for real and virtual emissions together with the tree-level result, we
get the renormalized result
J˜(s, µ) = 1 + αsCF
pi
(
1
α− 1L
2
C + L2V + LC +
1
2LV +
pi2
8(α− 1) −
pi2
24 +
α
2 + 1
)
(4.10)
with
LC = ln
(
µseγE
ω
(4∆)
α−1
2
)
LV = ln
(
µ
mq
)
. (4.11)
We have checked that the result Eq. (4.10) when α = 2 agrees with the one-loop massive
quark jet function for jet mass derived in [51].
These results give us the anomalous dimension for the jet function,
γJµ =
αsCF
pi
(
α
α− 1 ln
(
µ2(seγE )2/α
ω2
)
+ 32
)
. (4.12)
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Unsurprisingly, since the global soft, collinear-soft and the hard function remain unchanged
compared to the massless groomed jet, the anomalous dimension is the same as that of the
massless jet function. Comparing with [43], we also observe that the massive and the massless
jet function have identical values at 1/s ∼ (m/EJ)α, which marks the transition point between
the massive and massless regime.
4.2 Global Soft
The global soft function is defined as the following matrix element of Wilson lines
SG(EJzcut) =
1
2NC
Tr〈0|T{YnYn¯}Θ̂SDΘ̂RT¯{Y †nY †n¯}|0〉 . (4.13)
Θ̂SD denotes the soft drop groomer. Θ̂R imposes the jet radius constraint. We require that
the global soft modes fail soft drop. From the literature [43, 80, 85], we can write down the
result for the one loop renormalized function
SG(EJzcut, µ) = 1 +
αsCF
pi
(
ln2
(
µ
2EJzcut
)
− pi
2
8
)
, (4.14)
so the natural scale for this function is µgs = 2EJzcut.5 This leads to the anomalous dimension
γSGµ =
αsCF
pi
ln
(
µ2
4E2Jz2cut
)
. (4.15)
4.3 Collinear-soft function
As explained in Section 3.1, the collinear-soft function is not affected by the mass of the heavy
quark. Hence, it remains exactly the same as that for a massless jet. We reproduce the result
([43]) for completeness. The collinear-soft function is defined as the matrix element
Sc(zcut, e(α)2 ) =
1
NC
Tr〈0|T
(
Y †nWt
)
δ
(
e
(α)
2 −
(
1− ΘˆSD
)
eˆ
(α)
2
)
T¯
(
W †t Yn
)
|0〉, (4.16)
The Wt Wilson line is the same one that appears in the massive quark jet function but is
composed of collinear-soft fields so that
Wt = P exp
[∫ 0
−∞
ds n¯ ·Aacs(x+ sn¯)T a
]
(4.17)
where we have defined
e
(α)
2 |XSc〉 =
2α
2ω
∑
i∈XSc
(n¯ · pi)1−α/2(n · pi)α/2|XSc〉. (4.18)
5For a finite R, the scale would be modified to µgs = 2EJzcutR. However, since we are working in a regime
R ∼ 1, we set R = 1 for this calculation, i.e. we choose not to resum any logarithms in R since they are small,
essentially giving the result for a hemisphere jet. The R dependence becomes important in the tail region
where we match onto the full theory fixed-order cross section and is implemented numerically.
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The collinear-soft modes only contribute to the measurement if they pass soft drop, which
is implemented by the ΘˆSD term. In Laplace space, we have the result for the renormalized
(finite) function is
S˜c(zcut, s, µ) = 1 +
αsCF
2pi
[
− 2α(α− 1)L
2
Sc +
pi2
12
(α+ 2)(α− 2)
α(α− 1)
]
(4.19)
where
LSc = ln
µ(seγE )1/α
EJ(zcut)
α−1
α
(4.20)
and this leads to the anomalous dimension
γScµ = −CF
αs
pi
α
α− 1LSc . (4.21)
4.4 Boosted HQET jet function
We evaluate the boosted HQET jet function at one loop in two regimes, one in which the
ultra-collinear mode automatically passes soft drop, which happens when e(α)2  e(α)2,min and a
second region where we explicitly impose the soft-drop constraint in the region e(α)2 ∼ e(α)2,min
(the upper-right corner region of Fig. 1 or Fig. 2).
4.4.1 e(α)2  e(α)2,min
We define the jet function in boosted HQET as,
B+ =
1
N 〈0|h¯v+Wnδ(e
(α)
2 − eˆ(α)2 )W †nhv+ |0〉. (4.22)
v+ is the velocity of the boosted heavy quark v+ = (m/ω, ω/m,0⊥) and the residual mo-
mentum that make up the modes of this jet function (known as ultracollinear modes) scales
as
kµ ∼ Γ (m/ω, ω/m,1⊥) (4.23)
where Γ = me(α)2 /(∆)α/2 is the IR scale for this EFT (m being the hard scale).
We can also write down the result of the measurement function eˆ(α)2 acting on a state
with one gluon of momentum k emitted from the heavy quark as,
e
(α)
2 (k) =
n¯ · k
ω
(
4mv+ · k
ωn¯ · k
)α/2
. (4.24)
At one loop, the diagrams again are the same as in Fig. 5. We have two contributions:
R1 = 2g2CF µ˜2
∫
ddk
(2pi)d δ
+(k2) n¯ · v+[v+ · k]n¯ · kδ(e
(α)
2 − e(α)2 (k))
= αsCF
piΓ[1− ](e(α)2 )1+2
(
µ˜(4∆)α/2
m
)2( 1
−(α− 1) + 
pi2
6
)
, (4.25)
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which is the bare result and is exactly the same as the integral Ra evaluated in the previous
section. We have one more diagram which evaluates to
R2 = g2CF
∫
ddkδ(k2) (v+)
2
(v+ · k)2 δ(e
(α)
2 − e(α)2 (k)) (4.26)
which turns out to be the same as Rb in Eq. (4.2).
The virtual diagrams are all scaleless and disappear in dimensional regularization. The
one loop renormalized result of the HQET jet function in Laplace space then yields
B˜
(1)
+ (s,∆, µ) =
αsCF
pi
(
1
α− 1L
2
C + LC +
pi2
8(α− 1) −
pi2
12 +
α
2
)
. (4.27)
The matching between J˜ in Eq. (4.10) and B˜+ in Eq. (4.27) then tells us that the matching
function H in Eq. (3.18) is
H+(m,µ) = 1 +
αsCF
pi
(
L2V +
1
2LV +
pi2
24 + 1
)
(4.28)
i.e., all the virtual corrections of the SCET jet function. This also makes sense since it gives
us a clean separation of the scales m and me(α)2 /(4∆)α/2.
The anomalous dimensions for these functions are now given as
γB+µ =
αsCF
pi(α− 1) ln
µ2s2e2γE (4∆)α−1
ω2
+ αsCF
pi
γH+µ =
αsCF
pi
ln µ
2
m2
+ αsCF2pi . (4.29)
The matching onto bHQET agrees with that obtained in [51] (accounting for us having one
heavy jet instead of two). In fact it is possible to obtain all singular logarithmic terms for
the observable which is sensitive to the heavy quark mass simply from knowing the collinear-
soft function and the matching coefficient from massive SCET to boosted HQET (which is
independent of the specific observable considered). So an easy way to extend our results to
NNLL accuracy would be the computation of the two-loop collinear-soft function.
4.4.2 e(α)2 ∼ e(α)2,min
We define the jet function in boosted HQET with an explicit soft drop constraint as,
BSD+ =
1
N 〈0|h¯v+Wnδ
(
e
(α)
2 −
(
1− ΘˆSD
)
eˆ
(α)
2
)
W †nhv+ |0〉. (4.30)
There are two diagrams as before, in Fig. 5, and for each of them, we can explicitly divide
up the phase space in terms of regions that pass or fail soft drop.
R1 = 2g2CF µ˜2
∫
ddk
(2pi)d δ
+(k2) n¯ · v+[v+ · k]n¯ · kδ(e
(α)
2 − e(α)2 (k))θ(n¯ · k − ωzcut)
+ 2g2CF µ˜2δ(e(α)2 )
∫
ddk
(2pi)d δ
+(k2) n¯ · v+[v+ · k]n¯ · kθ(ωzcut − n¯ · k)
≡ R1,a +R1,b . (4.31)
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Due to the phase space and measurement constraints, R1,a is finite and can be directly
evaluated in 4 dimensions. R1,b contains a divergence. The renormalized results for these
diagrams give us
R1,a(µ) =
αsCF
pi
θ
(
e
(α)
2 − e(α)2,min
) 2
α
1
e
(α)
2
ln e
(α)
2
e
(α)
2,min
R1,b(µ) = −δ(e(α)2 )
αsCF
pi
(
ln2
(
µ
mzcut
)
+ pi
2
24
)
. (4.32)
We have one more diagram which can likewise be split up into two pieces.
R2 = g2µ˜2CF
∫
ddkδ+(k2) (v+)
2
(v+ · k)2 δ(e
(α)
2 − e(α)2 (k))θ(n¯ · k − ωzcut)
+ g2µ˜2CF δ(e(α)2 )
∫
ddkδ+(k2) (v+)
2
(v+ · k)2 θ(ωzcut − n¯ · k)
= R2,a +R2,b . (4.33)
The renormalized (finite) result is then
R2,a(µ) =
αsCF
pi
θ
(
e
(α)
2 − e(α)2,min
) 1
e
(α)
2
1−
e(α)2,min
e
(α)
2
2/α

R2,b(µ) = δ(e(α)2 )
αsCF
pi
ln
(
µ
mzcut
)
. (4.34)
Putting all the pieces together gives us
B
SD(1)
+ (e
(α)
2 ,m, µ) =
αsCF
pi
θ
(
e
(α)
2 − e(α)2,min
) 2
α
1
e
(α)
2
ln e
(α)
2
e
(α)
2,min
+ 1
e
(α)
2
1−
e(α)2,min
e
(α)
2
2/α


+ δ(e(α)2 )
αsCF
pi
(
− ln2
(
µ
mzcut
)
+ ln
(
µ
mzcut
)
− pi
2
24
)
. (4.35)
The result at nonzero e(α)2 reproduces the one-loop fixed-order result we will compute later
in the singular limit Eq. (5.24). The anomalous dimension contribution (in Laplace space) is
entirely from the piece that fails soft drop,
γ
BSD+
µ =
αsCF
pi
(
−2 ln
(
µ
mzcut
)
+ 1
)
(4.36)
which we can verify is the combined anomalous dimension of the unconstrained HQET jet
function B+ and the collinear-soft function Sc as desired by RG invariance.
γ
BSD+
µ = γB+µ + γScµ . (4.37)
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4.5 Consistency of RG equations
At each step of factorization we can verify the consistency of RG equations
γJµ + γScµ + γSGµ + γHµ = 0
γB+µ + γH+µ + γScµ + γSGµ + γHµ = 0
γ
BSD+
µ + γH+µ + γSGµ + γHµ = 0 , (4.38)
where the hard anomalous dimension is given as [57, 85]
γHµ =
αsCF
pi
(
2 ln
(
µ
2EJ
)
− 32
)
. (4.39)
5 Fixed-order result
5.1 Full range of e(α)2
To predict the distribution over the full range of e(α)2 , we will need to match the resummed
result to a fixed-order cross section. The massive EFT is valid in the region e(α)2,min < e
(α)
2 <
(mb/EJ)α (“region I”) while the massless EFT inhabits the regime (mb/EJ)α < e(α)2 < zcut
(“region II”). (Though we recall that in this paper we choose to work in cases where α < 1
and (mb/EJ)α & zcut, so only the region I EFT exists.) As e(α)2 nears zcut, power corrections
in e(α)2 /zcut become important and must be included to maintain the accuracy of the result
across the complete range of e(α)2 . The usual procedure is to turn off the resummation and
match the resummed result to a fixed-order result using a profile function. This enables the
distribution to make a smooth transition to the fixed-order result around e(α)2 ∼ zcut.
We now compute the fixed-order cross section at O(αs). We implement a kt-type jet
algorithm to isolate two jets (back-to-back) of radius R ∼ 1. At the same time, we implement
the soft drop jet grooming algorithm described in Sec. 2.2 to remove soft radiation from the
jet. The grooming parameter is zcut which is the fraction of the energy of the hard scale
(EJ). Any radiation with E < zcutEJ is removed from the jet and does not contribute to the
measurement of e(α)2 .
The cross section for this process at one loop, with three final-state particles, is given by
the formula:
dσ
de
(α)
2
= 12Q2
∫
dΠ3
1
4
∑
pols
cols
∣∣M(p1 + p2 → k1 + k2 + k3)∣∣2(2pi)4δ4(q −∑
i
ki) (5.1)
× δJ
(
e
(α)
2 − e(α)2 {k1, k2, k3}
)
,
where q = p1 + p2 is the total incoming momentum from the e+ and e−, with q = (Q, 0, 0, 0)
in the CM frame, k1,2 are the momentum of the outgoing b and b¯ quarks, respectively, and
k3 the momentum of the outgoing gluon. As usual we average over incoming spins and sum
over final spins and colors. In Eq. (5.1), δJ is a delta function imposing the restrictions due
to the measurement on the groomed jet in the final state, whose complete form we will work
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out below. Without loss of generality, we can assume the unmeasured jet (in this case k2) to
be along the −z direction. We then need the other two final state particles to have kzi > 0
so that they are in the right hemisphere. We need both of these particles to have energy
greater than zcutQ/2. The angle between k1 and k3 should be less than R. Altogether these
constraints determine δJ to take the form:
δJ
(
e
(α)
2 − e(α)2 {k1, k2, k3}
) ≡ δ(e(α)2 − E1E3E2J
(2k1 · k3
E1E3
)α/2)
θ
(
min(k01, k03)− zcut
Q
2
)
(5.2)
× θ(kz1)θ(kz3)θ(cosϑ13 > cosR) .
Meanwhile, the phase space integration measure in Eq. (5.1) is given by:
dΠ3 = d4k1 δ+(k21 −m2b) d4k2 δ+(k22 −m2b) d4k3 δ+(k23) . (5.3)
Finally, the spin-averaged squared amplitude in Eq. (5.1) is given by
1
4
∑
pols,cols
∣∣M∣∣2 = 512pi3α2emQ2bαsCFNC3Q2
{
x21 + x22
(1− x1)(1− x2) (5.4)
− 2m
2
b
Q2
[ 1
(1−x1)2 +
1
(1−x2)2 +
2x3
(1−x1)(1−x2)
]
− 4m
4
b
Q4
x23
(1−x1)2(1−x2)2
}
,
where Qb = −1/3 is the b-quark electric charge, and we have defined xi = 2Ei/Q. Momentum
conservation imposes x1 + x2 + x3 = 2. This expression Eq. (5.4) is exact in the quark mass
mb.
Performing as many of the phase space integrals in Eq. (5.1) analytically as possible, we
obtain the cross section in the form:
1
σ0
dσ
de
(α)
2
= αs2piCF
∫
dx1dx3
{
x21 + x22
(1− x1)(1− x2) −
4m4
Q4
x23
(1− x1)2(1− x2)2 (5.5)
−2m
2
Q2
[ 1
(1−x1)2 +
1
(1−x2)2 +
2x3
(1−x1)(1−x2)
]}
×δ
(
e
(α)
2 −
x1x3
(x1 + x3)2
(4(1− x2)
x1x3
)α/2)
θJ(x1, x3)
∣∣∣∣∣
x2=2−x1−x3
,
where σ0 = 4piα2emQ2bNC/(3Q2). The first term in Eq. (5.5) is exactly the same as that of
the massless jet. The second and third terms may appear as power corrections in m2/Q2
but they also contribute to the singular cross section. As indicated, x2 in the integrand is
function of x1,3, and θJ is the set of further constraints imposed by the jet algorithm and jet
grooming, which we will now write out more explicitly.
The soft drop condition is implemented as
min[x1, x3]
x1 + x3
> zcut. (5.6)
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Meanwhile, the (geometric) angle between k1 and k3 is given by
cosϑ13 =
1− x1 − x3 + x1x3/2
x3
√
x21/4−m2b/Q2
. (5.7)
The lower limit is set by ϑ13 = 0, which is the collinear limit and we need the mass to be
nonzero to regulate this collinear divergence. Since cosϑ13 < 1 so,
1− x1 − x3 + x1x32
x3
√
x21
4 −∆
≤ 1, (5.8)
where we have defined ∆ = m2b/Q2. This equation tells us that the ∆ factor under the square
root prevents the singularity x1 + x3 = 1 or x2 = 1. We can rewrite Eq. (5.8) as,
x3 ≥ 1− x1
1− x12 +
√
x21
4 −∆
. (5.9)
The other limit is set by ϑ = R which is not a region of any singularity, hence we can drop
∆ entirely in this case:
2(1− x1 − x3) + x1x3
x3x1
≥ cosR ⇒ x3 ≤ 1− x11− x1 sin2 R2
. (5.10)
The only other restriction which regulates soft singularities is the soft drop condition which
gives us
x3 ≥ x1zcut1− zcut , x3 ≤
x1(1− zcut)
zcut
. (5.11)
These four conditions in Eqs. (5.9), (5.10), and (5.11), define the theta function θJ in Eq. (5.5)
and define the boundaries of our phase space, which are illustrated in Fig. 6. For this illus-
tration we have found it more convenient to visualize in the variables:
z = x3
x1 + x3
⇒ 1− z = x1
x1 + x3
, θ2 = 4(x1 + x3 − 1)
x1x3
, (5.12)
and to plot in ln(1/θ) and ln(1/z) as in Figs. 1 and 2, which themselves represent the para-
metric behavior of Fig. 6 in the soft and collinear limits.
We compute the phase space integral numerically to give the full theory fixed-order cross
section. We do this by integrating over the whole allowed area of phase space illustrated in
Fig. 6 above each line of constant e(α)2 , and differentiating the result with respect to e
(α)
2 to
obtain the differential cross section Eq. (5.5). Looking at the result in Fig. 7, we see that
there are a number of turning points/kinks in the fixed-order cross section and it is instructive
to try and understand how these points arise and what scales they correspond to. Given the
physical constraints, we can get an intuitive understanding about why these kinks exist. It is
clear that due to the energy cutoff imposed by soft drop and the angular cutoff imposed by
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Figure 6. The phase space for integration in the ln(1/θ), ln(1/z) plane at O(αs) in full QCD. The
boundaries are determined by the jet radius (R), the soft drop condition (zcut), and the minimum
angle at which a quark of nonzero mass mb and energy EJ can emit radiation. The allowed phase
space region is shaded. The dotted line is the smallest allowed value e(α)2,min due to this minimum
angle. The dashed lines are lines of constant e(α)2 , for (i) a small value where e
(α)
2 is sensitive to both
quark mass and grooming, and the EFT calculation is applicable; (ii) an intermediate value where
it is sensitive to grooming but is just above the quark mass constraint, causing the first kink in the
fixed-order cross section; and finally (iii) a large value where it moves past the grooming boundaries
and is affected only by the jet radius, causing the second kink in the fixed-order cross section. The
region where resummation is important is near the corner of the quark mass and grooming boundaries
in region (i), approaching the collinear and soft divergences. In this region the phase space goes to
the parametric limit shown in Fig. 1 and factors into the EFT regions shown there.
the mass of the heavy quark, we have a minimum value of e(α)2 below which the cross section
is zero. Since the heavy quark carries O(1) of the jet energy, we should expect
e
(α)
2,min = zcut(1− zcut)1−α
(
m
EJ
)α
. (5.13)
In the singular limit, we keep the leading term up to power correction in zcut, which gives us
the scale e(α)2,min ≈ zcut(m/EJ)α.
In Fig. 7 we see there are two kinks at larger e(α)2 in the fixed-order cross section. From
Fig. 6 we can see that the first of these kinks happens when the e(α)2 distribution becomes
insensitive to the mass of the heavy quark. The EFT power counting tells us that at all
orders in perturbation theory, this scale should be the parametrically of the order (m/EJ)α.
However, at the first trivial order in perturbation theory, where we have a single gluon emission
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Figure 7. Fixed-order cross section at one loop for the e(α)2 distribution. The massive full theory
fixed-order cross section (green) is computed numerically by integration over the phase space in Fig. 6
and has kinks in the shape which corresponding to physical scales where quark mass or grooming
constraints are crossed. The massive singular distribution is in blue (which is regulated by the quark
mass itself) while the massless full theory fixed-order prediction is shown in orange.
off the heavy quark, we see a kink in the fixed-order cross section at a much lower value of
e
(α)
2 . To determine this value, it is convenient to work in the variables z, θ defined in Eq. (5.12)
and refer to Fig. 6. In these variables, the lines of constant e(α)2 are determined by
e
(α)
2 = z(1− z)θα . (5.14)
We want to determine the value of e(α)2 for which this line lies entirely above the constraint
(red line in Fig. 6),
θ > θmin =
2
√
∆
1− z . (5.15)
This happens if and only if
e
(α)
2 > (4∆)α/2z(1− z)1−α , (5.16)
for all z within the allowed region zcut < z < 1 − zcut. The maximum value that f(z) =
z(1 − z)1−α can take in this region can be determined by solving the simple maximization
condition,
df
dz
= 0⇒ z = 1− α2− α , (5.17)
which determines the largest value that the right-hand side of Eq. (5.16) can be, and thus
determines the minimum value of e(α)2 for which the cross sections just escapes the mass
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constraint line:
e
(α)
2 ≥ (4∆)α/2
(1− α)1−α
(2− α)2−α . (5.18)
For α = 0.5 this gives us a value of e(α)2 & 0.07, which is indeed where we see the kink in the
one-loop fixed-order cross section in Fig. 7. This occurs between regions (i) and (ii) in Fig. 6.
As we go to higher orders, the phase space increases and hence we expect this to get closer
to the EFT prediction of (4∆)α/2.
Finally we consider a configuration where the angle θij ∼ 1 and the accompanying ra-
diation just passes soft drop (z ∼ zcut), e(α)2 ∼ zcut. Beyond this value of e(α)2 , we expect
that the soft drop condition will no longer be relevant and the jet will behave as a massless
ungroomed jet. This gives the second kink in the cross section at e(α)2 ∼ zcut, which occurs
between regions (ii) and (iii) in Fig. 6.
We wish to note again the curious fact that the mass and grooming kinks or transitions
in the fixed-order cross section occur in the opposite order of the EFT transitions in Fig. 1—
for the EFTs, the grooming constraint turns off while the mass is still relevant. This just
means that the procedure to predict the singular logs encounters these constraints differently
than the computation of the exact one-loop fixed-order power corrections. As noted above,
the phase space for the fixed-order calculation grows at higher orders and will approach the
behavior of the resummed calculation more closely. For the fixed-order calculation, we have to
account for the exact behavior of the phase space boundaries and e(α)2 contours for z → 1 away
from the soft limit in which Fig. 1 is drawn, leading to the behavior shown in Fig. 6. That
is to say, the kinks in the cross section in Fig. 7 are from the fixed-order power corrections,
not the singular part of the cross section. As we are about to see, the EFT and full QCD
computations of the singular logs themselves agree perfectly in the limit of small e(α)2 .
5.2 Fixed-order collinear limit
We can compute the cross section at one loop analytically in the collinear (low e(α)2 ) limit.
By comparing the singular terms from the expansion of the resummed cross section and the
fixed-order collinear limit, we can fix the normalization for our resummed result in order to
do the matching to the full theory one-loop fixed-order result.
Computing the cross section Eq. (5.5) in this limit is most transparent in terms of the
variables z, θ in Eq. (5.12). Solving these relations for x1,3, we obtain
x1 =
2
θ2z
(
1−
√
1− θ2z(1− z)
)
, x3 =
2
θ2(1− z)
(
1−
√
1− θ2z(1− z)
)
. (5.19)
In the collinear limit, we only need these relations in the small θ limit,
x1 ≈ (1− z)
[
1 + θ
2z(1− z)
4
]
, x3 ≈ z
[
1 + θ
2z(1− z)
4
]
, (5.20)
which gives the Jacobian in the collinear limit,
dx1 dx3 =
1
2z(1− z)dz θ dθ . (5.21)
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Then, the cross section Eq. (5.5) in this limit becomes
1
σ0
dσ
de
(α)
2
= αsCF2pi
∫ 1
zcut
dz
∫ 1
2m/Q
dθ δ
(
e
(α)
2 − z(1− z)θα
)( 4
zθ
− 16m
2
Q2
1
zθ3
)
+ · · · , (5.22)
up to terms that will be suppressed by additional powers of m2/Q2, zcut, or e(α)2 . We perform
the θ integral using the delta function, which in order to have a solution, places a tighter
upper limit on the z integral, and also imposes the bound e(α)2 > e
(α)
2,min, as is clear from
Figs. 1 and 6:
1
σ0
dσ
de
(α)
2
= αsCF2pi
4
αe
(α)
2
θ
(
e
(α)
2 − e(α)2,min
) ∫ e(α)2 /θαmin
zcut
dz
z
[
1− 4m
2
Q2
(
z
e
(α)
2
)2/α]
, (5.23)
up to terms suppressed by additional powers of zcut or e(α)2 . The final result of this integral
is then
1
σ0
dσ
de
(α)
2
= αsCF2pi θ
(
e
(α)
2 − e(α)2,min
){ 4
α
1
e
(α)
2
ln e
(α)
2
e
(α)
2,min
− 2
e
(α)
2
[
1−
(
e
(α)
2,min
e
(α)
2
)2/α]}
, (5.24)
where, again,
e
(α)
2,min = zcut
(2m
Q
)α
. (5.25)
This cross section has large logs in eα2 , for low e
(α)
2 , which are cut off at e
(α)
2,min. We see
explicitly double and single logs in e(α)2 (where 1/e
(α)
2 counts as a log), where grooming and
quark mass have replaced one ln e(α)2 that would be present for ungroomed massless jets with
a smaller log of ln(e(α)2 /e
(α)
2,min). This is typical of grooming where one of the logs in the double
logarithm of the measurement gets replaced by a smaller log associated with grooming and/or
any relevant mass parameter, see e.g. [37] or [87] where the a log of the energy correlator C(α)1
or transverse momentum measurement q⊥ gets replaced by ln zcut.We also have double and
single logarithms in ln(EJ/m) from the virtual diagrams which get resummed at NLL.
Our EFT reproduces this cross section in the collinear limit at one loop order, which is a
powerful cross-check on the validity of our EFT calculation. Note that for e(α)2  e(α)2,min, the
last term is power suppressed, and the e(α)2 dependence of the other two terms is reproduced
by the combination of the leading-order collinear-soft and ultracollinear functions SC and
B+. At the low endpoint e(α)2 → e(α)2,min, as illustrated in Fig. 1, the two scales merge, the last
term in Eq. (5.24) becomes leading order, and the result is reproduced instead by BSD+ in
Eq. (4.35) at nonzero values of e(α)2 . We plot out the singular cross section in Fig. 7 and see
that in the low e(α)2 regime, it does a good job of describing the fixed-order e
(α)
2 distribution.
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6 Results at NLL
To compute the cross section at next-to-leading-logarithmic (NLL) accuracy, i.e. up to and
including terms of order αns lnn s in Laplace space6, see e.g. [88], we need the one- and two-
loop cusp anomalous dimensions as well as the one-loop non-cusp anomalous dimensions.
The required one-loop results have been given in Sec. 4. The two-loop cusp anomalous
dimension can be obtained from the literature [89]. This gives us all the ingredients for NLL
resummation. We will concentrate on the regime zcut ∼ (m/EJ)α  e(α)2 . This depends on
the value of α and ω, but is typically true for α < 1. Thus we will only need to make use of
the “region I” and “region 0” EFT described in Sec. 3.2.
As we move towards larger values of e(α)2 , we reach a transition region in which we must
smoothly match to the full theory fixed-order cross section which includes power corrections
in e(α)2 /(4∆)α/2 and e
(α)
2 /zcut where ∆ ≡ m2q/E2J . This is done using a profile function that
smoothly turns off resummation in the transition region. At the same time, for the regime
of very small e(α)2 ∼ e(α)2,min, we need to smoothly transition to the “region 0” EFT described
in Sec. 3.2, matching onto power corrections in e(α)2 /e
(α)
2,min, again using a profile function for
the renormalization scale.
6.1 Resummation at NLL
Consider a function with an anomalous dimension γ which can be written as,
γ = ΓF (αs) ln
(
µ2
µ2F
)
+ γF (αs), (6.1)
where αs is the strong coupling constant, ΓF is the cusp anomalous dimension and γF is the
non-cusp anomalous dimension. We expand these anomalous dimensions as a series in αs.
ΓF = CiΓcusp, Γcusp =
∞∑
n=0
Γn
(
αs
4pi
)n+1
, γF =
∞∑
n=0
γn
(
αs
4pi
)n+1
(6.2)
where Ci is the appropriate color factor. The one loop (Γ0) and two loop (Γ1) cusp anomalous
dimension are given by [89],
Γ0 = 4 , Γ1 = 4CA
(
67
9 −
pi2
3
)
− 809 TRnf . (6.3)
The resummed result for a function F at the scale µ to NLL accuracy can be written
down as
F (µ) = eKF (µ,µ0)F (µ0)
(
µ20
µ2F
)ωF (µ,µ0)
(6.4)
6To be precise, the double logs in this hierarchy are ln s ln(se(α)2min), see Eq. (5.24). We also sum double and
single logs of m/EJ at NLL, which affect the normalization but not shape of the e(α)2 distribution, see below.
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Figure 8. Resummation path evolving ultracollinear, HQET matching, and collinear-soft functions
from their natural scales to the common scale µ ∼ EJ , where the hard function is evaluated.
where we have evolved the function from µ0 to µ with
KF (µ, µ0) = 2
∫ µ
µ0
dµ′
µ′
ΓF [αs(µ′)] ln
µ′
µ0
, ωF (µ, µ0) =
∫ µ
µ0
dµ′
µ′
ΓF [αs(µ′)] , (6.5)
which have expansions up to NLL accuracy,
KF =
CiΓ0
2β20
( 4pi
αs(µ0)
(
ln r + 1
r
− 1
)
+
(Γ1
Γ0
− β1
β0
)
(r − 1− ln r)− β12β0 ln
2 r
)
− γ02β0 ln r
ωF = −CiΓ02β0
(
ln r + αs(µ0)4pi
(Γ1
Γ0
− β1
β0
)
(r − 1)
)
(6.6)
and r = αs(µ)/αs(µ0).
1. Region I
We have to run three functions (SC , B+, H+) defined in Sec. 4, from their natural scales
to the hard scale EJ . The path for resummation is shown in Fig. 8. The collinear-soft
function SC is the same as for the massless case and so its resummation is the same
as in Ref. [43]. We do the scale setting in e(α)2 space. For the three functions that we
consider, we write down their natural scales and anomalous dimensions.
• Collinear-Soft
µCS = EJzcut (szcut)−1/α , Ci = − CFα
α− 1 , γ0 = 0 (6.7)
• HQET matching function
µH = m, Ci = CF , γ0 = 2CF (6.8)
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• HQET jet function
µB+ =
EJ
s(4∆)(1−α)/2
, Ci =
CF
α− 1 , γ0 = 4CF . (6.9)
Then the resummed HQET jet function can be written as
B˜+(s, µ) = eKB+ (µ,µ
B+
0 )B˜+(LC → ∂ωB+ )
[
(µB+0 )2
µ2B+
]ωB+ (µ,µB+0 )
. (6.10)
The argument of B˜+ on the right-hand side indicates that its natural argument, LC
defined in Eq. (4.11), is to be replaced by the derivative operator ∂ωB+ , which generates
the same logarithms when acting on the evolution kernel on the right (see [88, 90, 91]).
A similar formula will hold for the collinear-soft function. Then the final result for the
cross section in Laplace space can be written as,
σ(s) =
(
(µH+0 )2
m2
)ωH+(µ,µH+0 )
exp
[
KH+(µ, µ
H+
0 ) +KCS(µ, µCS0 ) +KB+(µ, µ
B+
0 )
]
(6.11)
×B+(LC → ∂ωB+)
[
(µB+0 )2
µ2B+
]ωB+ (µ,µB+0 )
SC(LSC → ∂ωCS )
[
(µCS0 )2
µ2CS
]ωCS(µ,µB+0 )
.
Since the resummation of B+ and SC involves the Laplace variable s, and we need to
go back to e(α)2 space. To that end we can use
L−1(sq) = (e
(α)
2 )−q−1
Γ[−q] . (6.12)
We can now write the resummed cross section in e(α)2 space
1
σ0(zcut, EJ)
dσ
de
(α)
2
= 1
e
(α)
2
(
(µH+0 )2
m2
)ωH+ (µ,µH+0 )
eKH+ (µ,µ
H+
0 )+KCS(µ,µCS0 )+KB+ (µ,µ
B+
0 )
× SC(LSc → ∂ωCS )
(
(µCS0 )2(e
(α)
2 e
−γE )−2/α
E2J(zcut)2(α−1)/α
)ωCS(µ,µCS0 )
(6.13)
×B+(LC → ∂ωB+ )
(
(µB+0 )2(4∆)α−1
(e(α)2 e−γE )2E2J
)ωB+ (µ,µB+0 ) 1
Γ
(
− 2αωCS(µ, µCS0 )− 2ωB+(µ, µB+0 )
) .
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Since we are working at NLL accuracy, we keep all the terms of O(αsL ∼ 1). We wish
to minimize the logs so we make the choice
µ
B+
0 = e
(α)
2 ω∆(1−α)/2 = m
e
(α)
2
(4∆)α/2
µ
H+
0 = m
µCS0 = EJzcut
(
e
(α)
2
zcut
)1/α
(6.14)
with the scale µ is set to EJ .7 We will vary around these default choices later to estimate
theoretical uncertainty.
2. Region 0
We have to run two functions (BSD+ , H+) defined in Sec. 4, from their natural scales to
the hard scale EJ . The path for resummation is shown in Fig. 8. The resummation for
the H+ function is identical to that of Region I. For the soft drop constrained HQET
jet function, the natural scale is simply mzcut which is independent of the measurement
scale e(α)2 (or s in Laplace space) so that
µBSD+
= mzcut , Ci = −CF , γ0 = 4CF . (6.15)
Following the same process as for Region I, we write the resummed cross section in e(α)2
space as
1
σ0(zcut, EJ)
dσ
de
(α)
2
= e
KH+ (µ,µ
H+
0 )+KBSD+
(µ,µ
BSD+
0 )
×
(
(µH+0 )2
m2
)ωH+ (µ,µH+0 )((µB+0 )2
m2z2cut
)ω
BSD+
(µ,µ
BSD+
0 )
BSD+ (e
(α)
2 ) , (6.16)
where BSD+ is evaluated in a fixed-order expansion, given to one loop in Eq. (4.35).
As before µ ∼ EJ and to minimize the logarithms, we set
µ
H+
0 = m, µ
BSD+
0 = mzcut . (6.17)
It is clear from this form that the resummation in this region is only acting as an overall
normalization factor. The shape of the e(α)2 distribution is given entirely by the fixed-
order result. However, it is still necessary to keep the normalization factor so as to
smoothly match to the Region I result. Moreover, the resummation exponent in Region
0 can be obtained from that in Region I simply by setting µB+0 = µCS0 = mzcut.
7Technically Eq. (6.13) should be independent of µ, and is when considered to all orders, but because of
the way the expansion of KF in Eq. (6.6) is carried out, retains a small, subleading µ dependence. See [92] for
explanation and an alternative expansion that removes this residual µ dependence exactly at every order.
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Figure 9. Profiles in the renormalization scales for the bHQET jet (left) and the collinear-soft (right)
functions. These two functions combine into a single one (BSD+ ) for e
(α)
2 ∼ e(α)2,min which has a natural
scale µ = mzcut. For e(α)2 ≥ zcut, (m/EJ)α, the resummation is turned off by setting µ = EJ . The
pink band indicates a scale variation by a factor of 2 above and below the central profile.
6.2 Partonic e(α)2 spectrum
To obtain the distribution over the full range of e(α)2 , we need to smoothly match Region 0,
Region I and the full theory fixed-order cross section in the tail. In order to do that, we need
to have profile scales that alter or turn off resummation factors while making a transition
from one region to another.
• Region 0 – Region I
Region 0 is a small region around e(α)2 ∼ e(α)2,min. Hence we choose a point e(α)2 ∼
2e(α)2,min to transition from region I to Region 0. This is achieved by smoothly taking the
scales µB+0 and µCS0 to mzcut around e
(α)
2 ∼ 2e(α)2,min. This then automatically matches
to the Region 0 cross section except for the power correction term −αsCFpi θ
(
e
(α)
2 −
e
(α)
2,min
) 1
e
(α)
2
(
e
(α)
2,min/e
(α)
2
)2/α
. This can be added to the cross section by matching to the
fixed-order BSD+ function Eq. (4.35) at low e
(α)
2 to ensure a complete matching between
the two regions. This is like the fixed-order matching to the full QCD cross section in
the tail later.
• Region I – Tail
For e(α)2 ≥ zcut, (m/EJ)α, we need to turn off the resummation and make a transition
to the full theory fixed-order cross section. To do that, we turn off all resummation by
smoothly taking all the IR scales µB+0 , µCS0 , µ
H+
0 to EJ . This then leaves behind the
singular part of the fixed-order cross section. The matching is completed by adding
in the power correction, i.e., the difference between the singular and the full theory
fixed-order cross section.
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Figure 10. Resummed cross section at NLL′ accuracy matched onto one loop fixed-order cross section.
Figure 11. Resummed cross section at NLL′ accuracy matched onto one loop fixed-order cross section
for jet energy of 75 GeV.
The profile scales for the HQET jet function B+ and the collinear-soft function SC , which
enable us to implement this matching between various regions are shown in Fig. 9. We
implement these profile scales piecewise for the transition between the various regions. For
the region 0–I transition we can employ a suitably modified hyperbolic tangent function. For
example for µB+0 we can choose
µ
B+
0 (e
(α)
2 ) = mzcut +
1
2
(
me
(α)
2
(
EJ
m
)α
−mzcut
)(
1 + tanh
(
r(e(α)2 − t)
))
. (6.18)
We can verify that for low e(α)2 , the profile asymptotes to mzcut while for large enough e
(α)
2 it
follows me(α)2
(
EJ
m
)α
as desired. The parameters r and t are the two knobs which decide the
rate of transition and the precise value at which transitions happens respectively. Similarly
for the Region I – fixed-order transition we can choose
µ
B+
0 (e
(α)
2 ) = me
(α)
2,t
(
EJ
m
)α
+
(
EJ −me(α)2,t
(
EJ
m
)α)
tanh
(
r(e(α)2 − e(α)2,t )
)
(6.19)
– 35 –
where e(α)2,t is the value of e
(α)
2 at which the profile deviates from its central value in Region
I (me(α)2
(
EJ
m
)α
). Once again r and t choose the transition value and the rate of transition
between regions. The profile for the collinear-soft function can be tailored in exactly the same
way.
6.3 Comparison with Partonic Pythia
We present the comparison of our calculations, resummed to NLL accuracy and matched to
the one-loop (O(αs)) full theory fixed-order cross section, with Pythia v. 8.219. To make the
comparison, we consider parton-level Pythia results with hadronization and decays turned
off. Fig. 10 shows the comparison for b-quark jets in 2-jet events in e+e− collisions at a
center-of-mass energy of
√
s = 300 GeV (left) and 700 GeV (right), with α = 0.5 and a
zcut = 0.1, using the anti-kt algorithm with R = 0.6. Fig. 11 shows the same comparison for
a CM energy of
√
s = 150 GeV. For these jets, EJ ≈
√
s/2, which is the value we also used in
our theory predictions. Although these are not typical
√
s values at any past or existing e+e−
collider, these choices in Pythia provide us with enough statistics for jets with energies of
50–350 GeV for which we will present results, and which are typical energies of jets at current
colliders like LHC or RHIC.
To do the matching with the full theory fixed-order result, we use profile functions for the
collinear-soft and ultracollinear scales (Fig. 9) to match the regions I and 0 and also turn off
the resummation to smoothly transition to the fixed-order cross section. At the same time,
we make an estimate of the errors due to a truncation of the perturbative series by varying
these scales by a factor of 2 above and below the central value as shown in Fig. 9. Each scale
is varied independently and the error band generated is added in quadrature to give the final
uncertainty estimate. As we see, the error band is of the order of ±10%. To obtain the result
at NNLL accuracy, we would need to compute the collinear-soft function at two loops.
Figure 12. Comparison of resummed and fixed-order cross sections for massive quark jets.
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Figure 13. Comparison of resummed perturbative cross section at NLL for the massless and massive
quark initiated jets. Note that these curves include no nonperturbative corrections or fixed-order
matching.
We get a good agreement over the whole range of e(α)2 . As expected, the cross section
goes to zero at a finite non-zero value of e(α)2 . We also show the comparison of the fixed-order
and resummed cross sections in Fig. 12. As expected, the impact of resummation is most
significant in the low e(α)2 region.
We also show a comparison with the resummed, purely perturbative result of the massless
quark case at NLL accuracy in Fig. 13, as a rough estimate of the effect of the quark mass
mb in the resummation region. Since the value of α is small, the non-perturbative corrections
set in at a value e(α)2 ∼ 0.05 for the case of the massless groomed jet. To get a correct
picture of the massless spectrum below this value, it is necessary to include non-perturbative
corrections. This plot is only meant as a rough illustration of the size of the impact of nonzero
mb in the peak region.
7 Hadronization and decay effects and comparison with Pythia
We now turn on hadronization in Pythia while still keeping the B hadron decays off. This
enables us to gauge the impact of hadronization corrections. Fig. 14 reveals that the dominant
effect of hadronization for large enough e(α)2 is to produce a simple shift in the e
(α)
2 distribution,
much like event shapes and other jet shapes (see, e.g., [93–96]). This can be understood as the
impact of soft radiation (E ∼ ΛQCD) from outside the jet, hadronizing the colored partons
inside the jet to color-singlet bound states. Hence, we expect the energy of the partons to
increase by an amount of order ΛQCD, thus shifting the distribution towards higher values of
e
(α)
2 . The way to incorporate this shift and extract out the nonperturbative physics in terms
of measurable parameters is explored in Sec. 7.2.
Next we also turn on the B hadron decay. Comparing it with the purely partonic cross
section in Fig. 15 shows that the impact of B decay is quite significant. While the peak of the
distribution appears to be at a similar value of e(α)2 , there is a five-fold increase in the cross
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Figure 14. Effect of hadronization (while keeping the B decay turned off) is to produce a shift in the
e
(α)
2 distribution.
section. From Fig. 15, we can see that there are two effects of decay. One simply changes
the shape of the original distribution and the other is an addition of a large number of extra
events in each e(α)2 bin.
7.1 B decay effects
The change in the shape is due to change in the radiation pattern for a given event due to
the decay of the B hadron. This will change the value of e(α)2 that is being contributed by
the partonic radiation configuration. On the other hand, the large number of extra events
can be understood as coming from the zero bin of the partonic or the undecayed hadronized
distribution. In this bin, at the partonic or undecayed level, we have a single b quark or
B hadron in the jet, with all the accompanying radiation groomed away since it fails soft
drop. Since this event has only one particle, it will not contribute to a non-zero value of
e
(α)
2 . As the b quark hadronizes into a B and subsequently decays (into 2 or more particles),
the consequent radiation pattern now has the possibility of contributing to a non-trivial e(α)2 .
Thus if we have complete information about the branching fraction and the kinematics of the
B hadron decay, it should be straightforward to compute how these zero-bin events change
the e(α)2 distribution after decay, even though the effect is large. We leave this computation
for future work. This would allow for using e(α)2 itself as a b-jet vs. light-jet discriminant.
(See [39] for inclusion of effects of decay products in top quark jet mass distributions.)
Even though at this stage we only include effects of hadronization but not the decay of
the B hadron, we can still make meaningful comparisons with the experiments where the
B hadron four-momentum can be reconstructed from its decay products. This can be done
using standard techniques for b-tagging such as vertex displacement. Then at the level of
the reconstructed B hadron, we can measure e(α)2 on the jet, which gives a valuable tool for
analyzing the radiation pattern in a jet initiated by a massive quark.
– 38 –
Figure 15. Effect of B hadron decay is to produce a dramatic increase in the number of events
contributing to the e(α)2 distribution.
7.2 Hadronization corrections
To determine the sector which will give the dominant nonperturbative corrections, we look at
the scaling of these corrections for each of our factorized matrix elements, following similar
reasoning in [96]. We first look at the Region I which has both collinear-soft and bHQET func-
tions. The measurement function for the collinear-soft function can be written as (Eq. (4.18)),
δ
(
e
(α)
2 −
1
2EJ
(n¯ · pi)
(
n · pi
n¯ · pi
)α/2)
. (7.1)
To probe for nonperturbative corrections, we reduce the virtuality of this mode to ΛQCD
while maintaining the angular scaling θcs ∼ (e(α)2 /zcut)1/α. The non-perturbative collinear-
soft mode would then scale as
pcs ∼ ΛQCD
θcs
(
1, θ2cs, θcs
)
. (7.2)
We can then deduce the scaling of the leading nonperturbative power correction from the
collinear-soft function simply by substituting this scaling for the non-perturbative mode in
the expression for the measurement in Eq. (7.1). This gives us for the induced shift in the
first moment of the e(α)2 distribution,
∆e(α)2
e
(α)
2
∼ ΛQCD
e
(α)
2 2EJ
(
e
(α)
2
zcut
)(α−1)/α
. (7.3)
For the boosted HQET jet function (B+), the measurement gives (Eq. (4.24))
δ
(
e
(α)
2 −
n¯ · k
ω
(
4mv+ · k
ωn¯ · k
)α/2)
. (7.4)
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As before, we reduce the virtuality of this mode to ΛQCD while maintaining the angular
scaling. Repeating the logic leading to Eq. (7.3), this gives a leading nonperturbative shift in
the e(α)2 distribution that scales as
∆e(α)2
e
(α)
2
∼ ΛQCD
ωe
(α)
2
(
ω
mb
)1−α
. (7.5)
Recall that ω = 2EJ .
Given the constraint (e(α)2 > e
(α)
2,min), it is clear that the nonperturbative corrections from
the boosted HQET jet function Eq. (7.5) will dominate over those from the csoft function
Eq. (7.3) in the region of measurement, so for the remainder of this analysis we focus only
on the bHQET corrections. Note this also tells us that for the case α < 1, the leading
nonperturbative corrections are independent of grooming. This reasoning also persists in the
case of massless jets, where the nonperturbative corrections would come from the SCET jet
function in Eq. (3.14), which is insensitive to grooming. This agrees qualitatively with the
picture in Fig. 3, where we expect the function with the lowest virtuality to contribute to the
leading nonperturbative correction in any region. This is also consistent with the implications
of the analysis of nonperturbative corrections in [37].
Following the discussion in [96, 97], using the definition of rapidity as η = 12 ln(n¯ ·k/n ·k),
we can rewrite the measurement delta function for the bHQET jet function as
δ
(
e
(α)
2 −
n¯ · k
ω
(
4mv+ · k
ωn¯ · k
)α/2)
= δ
(
e
(α)
2 −
k⊥
ω
eη
(
4(∆ + e−2η)
)α/2)
. (7.6)
Let us come back to the definition of the bHQET jet function,
B+(e(α)2 ,m) = 〈0|h¯v+Wnδ
(
e
(α)
2 −
k⊥
ω
eη
(
4(∆ + e−2η)
)α/2)
W †nhv+ |0〉, (7.7)
and transform it to Laplace space (s), B˜+(s,m) =
∫
de
(α)
2 e
−se(α)2 B+(e(α)2 ,m), which gives
B˜+(s,m) = 〈0|h¯v+Wne−
sk⊥
ω
eη(4(∆+e−2η))α/2W †nhv+ |0〉. (7.8)
If we consider a regime where k⊥ ∼ ΛQCD, then we can consider the exponent as a power
series in ΛQCD/Γ where Γ is defined in Eq. (3.17). The dominant power correction will then
be captured by the leading non-trivial term of this series,
P1 = −
∑
X
〈0|h¯v+Wn
(
sk⊥
ω
eη
(
4(∆ + e−2η)
)α/2) |B +X〉〈B +X|W †nhv+ |0〉. (7.9)
Following [96, 97], we can write this in terms of the energy flow operator [98–103] as
P1 =
∑
X
∫
dηf(η)〈0|h¯v+WnET (η)|B +X〉〈B +X|W †nhv+ |0〉, (7.10)
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where the operator ET (η) gives us
ET (η)|X〉 =
∑
i∈X
∣∣k⊥i ∣∣δ(η − ηi)|X〉, (7.11)
which then defines f(η) as
f(η) = −seη
(
4(∆ + e−2η)
)α/2
. (7.12)
Unlike for soft power corrections in [96, 97], we cannot completely disentangle the η depen-
dence of f and the matrix element in Eq. (7.9), which otherwise would determine P1 in terms
of a single universal nonperturbative matrix element. However we can still extract the scaling
of P1 in m and ∆ using similar manipulations as in [96, 97].
In order to do this, we can boost all the operators to the rest frame of the heavy quark.
This is basically a boost in the −z direction. We know that the collinear Wilson line Wn
remains invariant under this boost as a result of the RPI III symmetry of SCET [104]. The
vacuum state is invariant under Lorentz transformations. Under our boost, the field hv+
transforms to hv˜ where v˜ = (1, 1, 0), i.e., the rest frame of the heavy quark. Finally, the
energy flow operator transforms as
ET (η)→ ET (η + η′) (7.13)
where eη′ = (m/EJ). We then have
P1(s) =
∑
X
∫
dηf(η)〈0|h¯v˜WnET (η + η′)|B +X〉〈B +X|W †nhv˜|0〉. (7.14)
Redefining η as η + η′, we are now left with
P1(s) =
∑
X
∫
dηf(η − η′)〈0|h¯v˜WnET (η)|B +X〉〈B +X|W †nhv˜|0〉, (7.15)
which simplifies to
P1(s) = −s(4∆)
α/2
m
∑
X
∫
dηF (η, α)〈0|h¯v˜WnET (η)|B +X〉〈B +X|W †nhv˜|0〉, (7.16)
where
F (η, α) = eη
(
1 + e−2η
)α/2
, (7.17)
which is now independent of both the mass and energy, though it still depends on α and zcut.
Note that, plugging in ∆ = m2/ω2, counting the matrix element of ET in the nonperturba-
tive regime as ΛQCD, and counting the rapidity integral of F as O(1) for soft radiation in
the B rest frame in which this expression is evaluated, the power counting for this leading
nonperturbative correction is consistent with our initial estimate in Eq. (7.5).
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Figure 16. The slope of the curve gives us a value of A(α) = 0.5 GeV for α = 0.5
.
In Laplace space we can write the leading power correction as
1
σ0
dσ
de
(α)
2
= σ(e(α)2 )perturbative −
(4∆)α/2
m
A(α) d
de
(α)
2
σ(e(α)2 )perturbative (7.18)
where
A(α) =
∑
X
∫
dηF (η, α)〈0|h¯v˜WnET (η)|B +X〉〈B +X|W †nhv˜|0〉, (7.19)
which is an α dependent (but independent of the mass and energy) nonperturbative parameter
which we need to extract from simulation/experiment. The extraction can be done at a single
arbitrary energy, mass and then can be used for any other energy and mass. In order to extract
this parameter, we consider the first moment of the cross section. Assuming the perturbative
distribution is normalized so that the area under the perturbative differential distribution is
1, we can then immediately write
(e(α)2 )avg = (e
(α)
2 )
avg
perturbative +
(4∆)α/2
m
A(α). (7.20)
Given a specific value of α, we can predict the scaling of the shift in the average value of e(α)2
with the mass of the heavy quark and the jet energy. For the case of the b quark at α = 0.5,
from a rough estimate from Fig. 16, we get a value of A(α) = 0.5 GeV.
In the Region 0 of factorization, there is a single function which is the bHQET jet function
with a soft drop constraint (BSD+ ). The analysis for the hadronization correction in this region
follows in the same manner as the before. However, since this region covers only as small range
of e(α)2 and exists near e
(α)
2,min, the contribution to the average value of e
(α)
2 and hence A(α) is
very small. Hence, to a very good approximation, the value of A(α) is entirely determined
by from the region I.
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8 Conclusion
In this paper, we have presented the first analytic EFT resummation for energy correlator
distrbutions computed on groomed massive jets, subsequently matched to numerical fixed-
order O(αs) results. We begin with a calculation of the full theory fixed-order cross section
for the correlator e(α)2 for a jet initiated by a massive quark. The fixed-order cross section
has several interesting features such as a minimum value for the observable, along with kinks
at values of e(α)2 where grooming and quark mass effects kick in. We provide an intuitive
understanding of these features in terms of specific physical configuration of the radiation in
the jet. This analysis helps us understand the relevant physical scales in this process and hence
the scaling of the radiation in a given range of e(α)2 . The minimum value of e
(α)
2 is enforced
by the mass of the quark and the soft-drop energy cut-off. We conclude that the mass of
the quark is relevant in the regime e(α)2,min < e
(α)
2 < (m/EJ)α (“Region I”), while the system
behaves as a massless quark groomed jet in the region (m/EJ)α < e(α)2 < zcut (“Region II”)
up to power corrections inm2/E2J . In the tail region, e
(α)
2 > zcut, the distribution is essentially
that of a massless quark ungroomed jet. Depending on the size of α, we may or may not need
a separate Region II. In the present work we primarily explored the phenomenology of setup
(α < 1) needing only Region I.
To that end we utilize an EFT framework combining the SCET+ and bHQET formalisms
for the heavy quark and the radiation it emits, which is valid for e(α)2,min < e
(α)
2 < (m/EJ)α,
i.e. Region I. In cases where a Region II EFT is needed (α > 1), we discussed the need to
make a transition to the massless quark EFT regime which has been developed in [43], again
within the SCET+ formalism. We observe that the two EFT descriptions are identical at the
boundary value e(α)2 = (m/EJ)α, so that one EFT naturally transitions into the other at this
value For our case of interest, α < 1, we transition directly from Region I to the fixed-order
regime. At the same time, we observe that the EFT for the region e(α)2,min < e
(α)
2 < (m/EJ)α
can be further divided up into two regions, one very near the endpoint e(α)2,min (“Region 0”),
and then the normal Region I once we move sufficiently above e(α)2,min, where corrections of
order e(α)2,min/e
(α)
2 are power suppressed.
We compute the anomalous dimension for these EFTs and resum the large logarithms
in e(α)2 to NLL′ accuracy. The resummed cross section is matched onto the one loop O(αs)
full theory fixed-order cross section. The result shows good agreement with partonic Pythia
simulation results. Comparing with hadronic Pythia (with B hadron decays turned off)
shows a simple shift in the distribution. We then use the energy flow operator formalism
to calculate the scaling of the leading nonperturbative correction to the cross section, which
can describe this shift in the distribution. An unusual feature of this distribution is that the
dominant nonperturbative corrections appear in the bHQET jet function (as opposed to the
soft function for a massless jet), for the values of zcut and α that we considered. Using the
Lorentz transformation properties of the bHQET jet function, we can extract out a universal
α dependent nonperturbative parameter (independent of mass and energy), which then can
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be extracted from simulations/experiment.
The distribution we have computed gives an accurate prediction at the level of B hadron
production, before its decay. In other words, to compare with experiment, it is necessary to
reconstruct the momentum of the B hadron from its decay products and then compute the
observable using the B hadron four-momentum. This can, in principle be achieved using b
tagging techniques such as vertex displacement. Turning on B decay produces a significant
deviation from the distribution that we computed in this way, primarily due to a large number
of extra events which populate nonzero e(α)2 bins. Including such effects in our calculation will
greatly expand the applicability of this observable as a probe of heavy quark jet substructure.
However, this is something we leave for the future.
In order to extend the accuracy of our results to NNLL accuracy, the only additional
ingredient needed is the two loop collinear-soft function. At present, this function is only
known for the special case of α = 2, which corresponds to jet mass. Even though we have
considered only the two particle correlator, it is clear that the general form of the EFT
developed in this paper and the observations made about the relevance of the quark mass
will be applicable for other jet shape observables computed on heavy quark initiated jets.
We believe that this is a significant step into a much more detailed study of jet substruc-
ture for heavy quark jets. This analysis will serve as a template for comparison with the
corresponding cross section for heavy quark jets in a medium (QGP), which should be able
to reveal the effects of medium on jet substructure (see e.g. [25]).
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